1. Introduction. Let (P denote the class of functions P(z) that are regular and have a positive real part in the unit disc E (\z\ < 1) and that are normalized so that P(0) = 1. We shall be concerned with two classes of univalent functions that can be expressed in terms of P(z). The first class, which we denote by Sa, consists of those spiral-like analytic functions/(z), regular in E and normalized so that/(0) =0, /'(0) = 1, with the property that ( *? (*) ) (1.1) flUe»-> ^ 0 ( 2 < 1)
for some fixed real number a, \a\ ¿w/2. It is well known [S] that the functions/(z) of Sa are univalent in E. Also for the case a = 0 the members of So are starlike in E. If f(z)ESa it follows easily that we can write 2/'(2) (1.2) eia-= (cos a)P(z) + i sin a.
/(z)
The second class that we shall consider and denote by Ca, consists of those close-to-convex analytic functions F(z), regular in E and normalized so that F(0)=0, F'(0) = 1, with the property that
for some fixed real number a, | a\ ^ir/2, and for some analytic function G(z), regular and starlike in E, normalized so that G(0)=0, G'(0) = 1. In this case F(z) is said to be close-to-convex in E relative to the convex function
It is well known [2] that F(z) is univalent in E if F(z) is close-toconvex in E.
It should be observed that if fiz)ESa it does not follow that/(z) is necessarily close-to-convex in E. For example, if a = ir/4 and /o(z) is defined as the function /o(z) = zexp{(t -1) Log(l -iz)}, where Log denotes the principal branch of the logarithm function, then it has been shown [4] that
However, w=/0(z) maps | z| = 1 onto a spiral curve C, covered twice, so that /o(z) is not close-to-convex in E for this would require that the tangent to C not turn back on itself through an angle exceeding » [2] .
We now define for a fixed a the radius of star-likeness for the class Sa, and also for the class Ca the radius of close-to-convexity relative to the normalized convex function eia<piz). Let/£S« be starlike and univalent for \z\ <pdf) and in no larger circle. Then the radius of star-likeness for the class Sa is denoted by pa and defined by the equation
Similarly, let Fiz)ECa be close-to-convex relative to the normalized convex function eia<biz) for \z\ <RaiF, <p) and in no larger circle. Then the radius of close-to-convexity relative to eia<piz) for the class Ca is denoted by Rai<j>) and defined by the equation The trivial case a = 0 gives p0 = Rai<t>) = 1 as is to be expected. (2.1)
For variable P(z) =u+iv and fixed r and a, \a\ ^w/2, we shall find the minimum value of u cos a+v sin a.
By the Herglotz formula for P(z) we have
Jo where P0(z) = (l+z)(l-z)~1 and a(<b) is nondecreasing in [0, 2ir\ subject to the normalization P(0) = 1. For proper choice of a(cb), P(z) reduces to Po(2e**). Because of (2.2) we can confine our attention in (2.1) to the case P(z) = P0(ze;*) with variable <p. In the latter case we then have I f(z) ) I I U I
If a = +ir/2 we have the trivial case/(2) =2. This completes the proof of (1.7) for the value of pa. The proof of (1.7) for the value of Ra((p) is virtually the same as for pa with only obvious modifications. We summarize our results in the following two theorems. For reference purposes we add the following theorem that is derived by arguments similar to those used in this paper, in particular from an application of Lemma 1. Since the proof involves only minor and obvious changes we shall not include it here. Theorem 3. Let g(z) be analytic in \z\ <1 and let g(0) = l. Let a and y be real numbers subject to the inequalities \a\ <ir/2, \y\ <ir/2. This inequality is sharp for each a and y.
